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We de r ive  in expl ici t  fo rm a solution of a nonlinear  hea t  conduction equation f rom combust ion 
theory ,  taking into account  a s tandard equation of gasdynamics .  Es t ima tes  of e r r o r s  a r e  
made  for  the des i r ed  expansions,  thereby making it poss ib le  to e s t ima te  the accu racy  of the 
calcula t ions .  

Many hea t  conduction p rob l ems  m a y  be reduced to the solution of nonlinear ord inary  different ial  equa-  
t ions,  solvable  by the methods  cons idered  in [1], which includes a bibl iography re la t ing  to this question. 

I t  is  of i n t e r e s t  to study the c lass  of p rob lems  reducible  to nonlinear equations of parabol ic  type with 
a d ivergent  pr inc ipa l  p a r t ,  a r i s ing  in var ious  physical  si tuations [2]. In pa r t i cu l a r ,  the c l a s s  of equations 
introduced h e r e ,  bes ides  the appl icat ion pointed out in this paper ,  is encountered in p rob l ems  of magne to -  
gasdynamics ,  chemica l  k inet ics ,  ignition p r o b l e m s ,  etc.  We base  cons idera t ion  of the p rob l ems  of the 
type indicated on a study of the smoothness  of the initial data of the p rob lem.  

We a s s u m e  that in addition to heat  conduction there  will be  an inc rease  in the amount  of m a t e r i a l ,  the 
speed of this m a t e r i a l  a t  a given point and a given instant  of t ime being dependent on the exis t ing density.  
The coordinate  x will be  reckoned along the normal  to the combust ion front.  We cons ider  the equation 

%(u, x) O__.uu = O a_[~(u,  (o)] + r u, co)+ @2(x, u) (1) 
Or Ox 

where  we a s s u m e  that the flmcti0ns txl; ~; r and r a r e  defined for  al l  values  of u and (~-, x) of liT, where  
liT = { ( r ,  x): 0 -< r ---< T ,  xEEn} ,  ~ = 8 u / S x .  We say that the solution u ( r ,  x), defined for r E [0, T], l ies  
in II T if, as  a function of x, i t  belongs to liT for each ~ixed r of [0, T]. In addition, we a s s u m e  that in II T,  
except  for  s o m e  closed se t  containing a t  l ea s t  one point with known coordina tes ,  the coeff icients  in Eq. (1) 
sa t i s fy  conditions of  analyt ic i ty .  

1. I f  we cons ider  Eq. (1) in the gasdynamic approximat ion ,  i .e . ,  when r 2 = 0, then the p r e s e n c e  in 
the equation of t e r m s  involving der iva t ives  of the second o rde r  co r responds  to taking account  of v i scos i ty  
and hea t  conduction of the gas [3, 4]. As is evident f rom Eq. (1), the c lass  of v i scos i t i e s  may  be cons idered  
much b r o a d e r  than the c l a s s  of l inear  v i scos i t i e s ,  where  there  is not dependence of the l imit ing solution on 
the concre te  fo rm of the v i scos i ty ,  i .e . ,  we consider  a b road  c l a s s  of d ivergent  v i scos i t i e s  which does not, 
however ,  v io la te  continuous dependence on the initial data. Thus for our  p rob lem we obtained a nonl inear  
v i scos i ty  for  a b road  c lass  of functions ~I,(u, ~) [3, 4]. In view of the smoothness  conditions imposed,  the 
d ivergen t  fo rm of Eq. (1) can,  with no loss  o f  genera l i ty ,  be a different  one. This  is not the case  for d i s -  
continuous solutions [3]. T h e r e f o r e  in the c lass  of sufficiently smooth functions the domain of definition of 
the functions ~I,(u, ~) m a y  be widened. 

2. A s s u m e  now that  e l ( x ,  u, ~) = 0 and that r u) ~ 0; then Eq. (1) will co r re spond  to the n o r -  
mal  f lame propagat ion  p r o c e s s ,  where  r r ep re sen t s  the speed of the reac t ion  mult ipl ied by the t he rma l  e f -  
fect  of the reac t ion  ment ioned above. 
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We note that in the case ~i(x, u, w) = 0 and also in the case ~2(x, u) = 0 the equation obtained from Eq, 

(i) is still not sufficiently accessible for study. Equation (i) includes as special cases the nonlinear equa- 
tion of normal flame propagation and also the nonlinear equation of gasdynamies with a divergent viscosity. 

We consider Eq. (I) subject to the initial condition 

u (x, ~)L~=0 ~-- u0 (x); x = (xl . . . . .  x g  EE,,. (2) 

We a s s u m e  that  q,; @l; ~2 > 0. We a s s i g n  to these  funct ions the f o r m  m o s t  i m p o r t a n t  to the a p p l i c a -  
t ions:  

0u 
T (u, ~0) = 7 (u) ~ x  ; @l (x, u, co) = ~ (x) 0~ (u) (3) 

0x 

As can  be seen ,  the r i g h t  s ide  of the second  of  Eqs .  (3) has  a d ive rgen t  f o r m  s ince  i t  is  obtained f r o m  the 
s t a n d a r d  equat ion of g a s d y n a m i c s  upon a s s u m i n g  that  A(u) = d~(u) ,  i .e . ,  that  A(u)du is the total  d i f fe ren t ia l  
of  s o m e  v e c t o r  funct ion ~(u). H e r e  A(u) is the coef f ic ien t  of the f i r s t  de r iva t ive .  Le t  r be a suf f ic ient ly  
smooth function of the argument u at each value u of II T. When ~(u) is an arbitrary noneonvex function, the 
associated difficulties have not as yet been completely resolved. We assume therefore that 029/0u 2 
changes sign at a finite number of points. For q~(u) we choose an arbitrary polynomial of the fourth degree. 
This enables us, with a high degree of accuracy, to account for nonlinearities of the unknown function up 

to the fourth order inclusive, i.e., 
4 

(u) = ~ bou n (4) 
~ 0  

Solely fo r  the sake  of  conven ience ,  in the funct ion ~2(x, u) we expl ic i t ly  s e p a r a t e  the t h e r m a l  funct ion 
5,  v a r y i n g  f r o m  poin t  to poin t ;  we le t  

m~ (x, u) = ~ (x) m* (u). (5) 

In Eq. (5) the funct ion ~*(u) is c o n s i d e r e d  to be def ined in (0, o~), pos i t ive  and mono ton ica l ly  i n c r e a s i n g  in 
this in te rva l ,  which c o r r e s p o n d s  to the case  of  a l a r g e  hea t  s o u r c e ,  a c h a r a c t e r i s t i c  p r o p e r t y  of  a r e a c t i o n ;  
in p a r t i c u l a r ,  we a s s u m e  that  ~*(u) = u r ,  w h e r e  r. is an  a r b i t r a r y  pos i t ive  number .  

Tak ing  into a c c o u n t  Eqs .  (3) and (5) and the p r o p e r t i e s  of  the funct ion r fo r  Eq. (1) we obtain 

o. a ! ou ~ + ,B (x) o~ (u) m* (6) 
Q 

Let G* be a complex domain. We define u0(x ) with the aid of an analytical transition in the domain G* 

- -  {Yn}, Yn in such a way  that  in G* we can  d i sp lay  a t  l eas t  two sequences  {Yn}, Yn ~ and - -  ~ such  that  
l ira ~(Yn) ~ l im p(y~). When we c o n s i d e r  all  sequences  {Yn}, Yn ~ o~ for  which {r has  a l imi t ,  then 

in a c c o r d  with the gene ra l  t heo ry ,  we  obtain  

lira In In M:o (g) _ A, M:o (g) = max! u 0 (x) I. (7) 
y ~  In y lucd=y 

We take A = 2. Then  the so lu t ion  of the Cauchy  p r o b l e m  for  Eqs.  (1) and (6) in the indicated fo rmula t ion  
exis t s  and m a y b e  d e t e r m i n e d  in a unique way  for  al l  the points  of  II T . 

On the bas i s  of the s m o o t h n e s s  condi t ions  imposed  on the coef f ic ien ts  of Eqs .  (1) and (6), and the c o n -  
di t ions  (7), we c o n s t r u c t  an  expl ic i t  so lu t ion of the Cauchy  p r o b l e m  

(x, "0 ~ '  a,~ (~) ( x -  xo) ~ (8) 
n~O 

for the case in which 82 q~/0u 2 is of variable sign in the domain considered for variation of the arguments. 

Here x 0 is the point at which the combustion process is initiated. 

Let Pn and en be the coefficients in the power series expansions of fl(x) and 6(x), respectively. Let 
f~(x, T) and f~', T(x, ~') denote the general terms of the sequences {an(T)(X--x0)n}~ ~ and {Dn(~-)(x-x0)n}~ 
with nonnegative integral indices. Suppose that, for each ~ > 0, a number N > N O > 0 can be found such 

that for N k > N and N* > N the inequality 

oZ Xo) o - xo)  = Z (9) 
[ 0 N k 
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i s  sa t i s f ied .  A s s u m e ,  m o r e o v e r ,  that for  an a r b i t r a r 7  choice of ~he sequence of va lues  Nt,  N z . . . . .  Nk, 
Nk 

�9 . .  - ~ a s  k - -  ~ ,  ~or the s e q u e n c ~  of  ~ t i o n s  { Z f~; ~ (x ,  ~ ) } ,  with  ~ > 0 a r b i t r a r y  and for a s p e c i f i c  
~t~0 

L k = L*(s the inequali ty 

h~ k 

" ' x  (10) 
n=O 

is sa t i s f ied .  Inequali ty ( 1 0 ) m u s t  be sa t is f ied  for  Nk > L* (~) for  all  ~- 6 [0, T]. Then dividing Eq. (6) by 
a{u)fl(x), on the lef t  s ide of the equation we will have 

ou (11) 
~ D  

N k 

~o*' A s s u m e  that  analogous conditions a r e  sa t i s f ied  for  the sequence of der ived functions f~,x(X, r) as  

N k -* ~ .  In this c a se ,  if  {an(r)} and {an(T)} -1 a r e  a r b i t r a r y  sequences  of those enumera ted ,  then, sub-  
ject  to the condition that  fl(x) belongs to the c l a s s  C in:},  we obtain the following expansion for  the essen t ia l  
nortline~rtty of Eq~. (I) ~nd (6): 

co 

\ Ox ] ~=o 

where  
n 

i= l  

Kg' (~) = a~ (~); Kg' (~) = ~ (~); 
i i 

A(2) , .  
/~t k=I 

2 h i ? )  &(~) = l a ~ ( * ) p n ] - - l ;  A n ( ~ )  = - - A 0 ( ~  ) '~n-,(~)~%(%)P,--~" 
s~ l  p=O 

Analogous expalmions a r e  a lso  obtained for  the o ther  t e r m s  in Eq. (6)�9 We obtain, as  a resu l t ,  the 
following denumerab le  s y s t e m  of nonlinear differenttM equations: 

i=]  

w/(l ) ~0 - -  ,.,./(~c) ~ "~o X (n + 1 - -  i)( n + 2 - -  i) a,~+~_, ('0 ~ P f ( ~ i  
�9 i = l  i ~ 1  ] ~ i  

a . ( O ) = a , .  ( n = 0 ,  1, 2, 3 . . . .  ), 

where  

(13) 

(14) 

i 

w(') ,2v, a~ O:) ,.o) �9 "i.] (~) = plrn-i + (n + 1 i)a~+l-i(x) X aJ('O OI ' - -  - -  C ~ _ j  (~); 
00 I=t (!5)  

c0 (~) ~ Iao (~)1-1; c~ (~) = - -  co (T) ~ a~ (~) C(~ (~). 

The s t r u c t u r e  of  F n coincides  complete ly  with that of Eq. (15), but involves t e r m s  of a polynomial  which a r e  
constant  and known. K(2)+l , i ( r )  is de te rmined  f rom the s e r i e s  of equations (12), In Eq. (14) the a s h  a r e  

the ~oefflcients in the expans ion  of u~(x). 

We point  out now an  espec ia l ly  impor tan t  pa r t i cu l a r  case  [3, 4] for the equation~ of gasdynamics .  On 
a graph of (p(u) le t  us fix two points ,  u + and u- .  F o r  u(x, ~-) we cons t ruc t  f rom [u +, u-] a function ~(u) f rom 

the c lass  of  functions sa t i s fy ing  the condition 

(u I, u ' ) - - ~ ( u  v .~, u~) - -  (u: - -  uJ d ~  < 0 ,  (16) 
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and c o i n c i d i n g  with ~0(u) a t  the po in t s  u = u + and u = u - ,  t h e s e  funct ions  b e i n g  the s m a l l e s t  of a l l  the  func-  
t ions  which  s a t i s f y  the  cond i t i on  ~ (u) _> ~p(u) on the i n t e r v a l  [u +, u - ] .  I t  i s  obvious  tha t  in th is  c a s e  tan  

0, w h e r e  a is  the a n g l e  of  incl i i~at ion to the  u ax i s  of  the c h o r d  jo in ing  the po in t s  of i n t e r s e c t i o n  of the  
g r a p h s  of  t he  func t ions  ~o{u) and  ~ (u). in  th i s  c a s e  the  d e n u m e r a b t e  s y s t e m  of  r~onlinear  equa t ions  i s  a 
s p e c i a l  c a s e  of Eqs .  (13)-(14) which  we sha l l  not  w r i t e  out  h e r e .  

The  s e r i e s  (8) i s  u n i f o r m l y  c o n v e r g e n t  by v i r t u e  of  the  r e s t r i c t i o n s  (7) i m p o s e d  on the  o r d e r  of growth 
of  u0(x ) and  by  v i r t u e  of  the  s m o o t h n e s s  cond i t i ons  i m p o s e d  on the c o e f f i c i e n t s  of  Eqs .  (1) and  (6). We  g ive  
a n  a p r i o r i  e s t i m a t e  o f  the c o n v e r g e n c e  of  the s e r i e s  (8) for  the c a s e  of a v e r y  w e a k  n o n l i n e a r i t y  of  Eqs .  (1) 
and  (6), e x c l u d i n g  f r o m  th is  the  n o n l i n e a r i t y  (12). Then  upon ex t end ing  the unknown t e r m s  into the  d o m a i n  
G* and i n t e g r a t i n g  them t e r m  by t e r m  [5], we  ob ta in  

,ii fo(x_xo ' ~) .<U.(~)exp[~[x~--~ l ' " - -~_t  (v~--w~t'] + Uo (Ao, C*), (17) 

L I [ (  )[ ~ ( x - - x ~ ,  ~) . <  U~(~)exp bt l ne ~ ~ ( v ~ - - w l )  q ' U . - -  - - - -  v T -r ,,(A~,C*), (18} 
�9 2 + ~  x - - t  

w h e r e  

U* (T) = S ; U~ (z) = 
/ (,~ _ t ) a - , ~ F  " 

H e r e  # = # ( a ,  6,  T ,  sup  i s (x ) I )  = c o n s t  > 0; a is  the H S l d e r  exponen t  for  the  c o e f f i c i e n t s  in  GI;  6 is  a p o s i -  
t ive  c o n s t a n t  c h a r a c t e r i z i n g  the  p a r a b o l i c i t y  of the  equa t ion  ob t a ined  a f t e r  e l i m i n a t i n g  the n o n l i n e a r i t y  (12): 

C 1 {z = (zl, x 2 . . . . .  xn); J z 1 - -  xt ~ ) % v; - -  co < x < co, 0 -<2.- xx .% x -~ ~_ ~ T}; 

z l = x L  t-ivL; ~ l = ~ l q - i w l ;  

An i s  a c o r r e c t i o n  on  the  n o n l i n e a r i t y ;  C* i s  an  u p p e r - b o u n d  to the  a n a l y t i c  p a r t i a l  i n t e g r a l s  ob ta ined  f r o m  

the  r i g h t  s i de  of Eq.  (6), 
ce 

S (x) = ~ F~ (x - -  Xo) n. 
n ~ O  

B a s e d  on t h e s e  e s t i m a t e s ,  we  can ,  wi th  the  a i d  of the s e r i e s  (8), g u a r a n t e e  an  a r b i t r a r y  p r e a s s i g n e d  
a c c u r a c y .  To do t h i s ,  we  a s s i g n  a v a l u e  of the  d i f f e r e n c e  A* b e t w e e n  the l e f t  s i d e  and the r i g h t  s i d e  of Eqs .  
(1) and  (6) a t  the  p o i n t  x 0. We then  m a k e  a c h e c k  of  the  a c c u r a c y  wi th  r e s p e c t  to the  equa t ion  a s  x --* co 
Upon s a t i s f y i n g  the cond i t i on  A* > 5* ( 6* = c o n s t  > 0), we  c a l c u l a t e  new in i t i a l  da t a  a t  the  po in t  x l ,  s u b s e -  
quent  to wh ich  the whole  p r o c e s s  m a y  be  r e p e a t e d .  A s  the  po in t s  x i a p p r o a c h  the  s i n g u l a r  po in t ,  Ax i g r a -  
d u a l l y  d i m i n i s h e s  and  tends  t o w a r d s  z e r o .  The  n u m b e r  of  t e r m s  of  the  p o l y n o m i a l  in the  t r a n s i t i o n  f r o m  
p o i n t  to p o i n t  m a y  v a r y .  To i m p r o v e  c o n v e r g e n c e  we c a n  e m p l o y  a n a l y t i c  c on t i nua t i on  ~.nd, by  a n a l o g y  wi th  

[1], c o n s t r u c t  the  s e q u e n c e  of  s e r i e s  

u = 2 a~ (0 ( ~ -  Xo)"; an (~) :-= a~ ~ ('0; xo = xc' 
) 

r t~O 

" e t c . ,  which  c o n v e r g e  f a s t e r  than  the unknown s e r i e s .  Upon wi th  c e n t e r  a t  the  po in t s  x =  x~; x = x 0 ; . . , 
e f f ec t i ng  the  t r a n s i t i o n  f r o m  p o i n t  to po in t ,  the  t r a n s i t i o n  m o d u l u s  [5] w i l l  s a t i s f y  

i~ (xo)--co(xl)l .< Z0 sup lal + 0 r 70, x, Ox ] ' 2+~ 
0" (Xo, x~) ~ " 

F r o m  i n e q u a l i t y  (19) the  m o d u l u s  of con t inu i ty  of  d e r i v a t i v e s  of  m u c h  h i g h e r  o r d e r  in l l [0,T ] r e a d i l y  fo l lows .  

H e r e  

r ,('~n' x, ~,.~/0@I = ,d~(x) - c )~V(x ,  u, r 7o)=: V~(u. o~, 7~)-!-V~(x. u. ~); 

1 ( 0 . ?  
v, (u, ,o, Vo)=2Vo ~ \ Ox/  ; 

V 2 is  a n o n l i n e a r  func t ion  of  i t s  a r g u m e n t s .  

A s  a c o n s e q u e n c e  of  the  f o r m  of V 1 , i n e q u a l i t y  (19) ho lds  even  with  a l l  the  n o n l i n e a r i t i e s  of Eqs .  (1) 
and  (6) p r e s e n t .  I t  i s  obv ious  tha t  i n e q u a l i t i e s  (17)-(19) r e m a i n  v a l i d  even  for  the  func t ions  ~(u). 
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w h e r e  

L e t  us  w r i t e  the s y s t e m  (13) in the  f o r m  

n n 

Z z "(5} ~ j  (n--1)(nfl-2)a.+2(x), %D. (x)= ia~ ( ) &i (x) + (n + 1) a.+~ (x) v (x) - -  ~v7(~) ~_. ~(a) 7o 
Po 

i = 1  i=I 

(20) 

(3) T K~ 5) ('r) = 27oK,~+,_~ ( ) + a,~+l_ i it); 

~,(3) 70 
~ ,  (n + - -  a~ (x) a~_~ (x). -~,i ('r)= ~ ~ + 1 - -  i) (n 2 - -  i) a.+~_~ (x) piFtn~i q~ 
~=, i=, ~=0 i=o 

We consider, according to [6], the system of differential equations H*[an(T), ~ ,], depending on a 
p a r a m e t e r  and  def ined by  the equat ion  

,v. [a. (x), !] �9 ia~ ( ) t~i (x)--(n+ 1) a.+~ (x) v (x) 

i = 1  

tl 

Z (~) F(a) 7% (n§ (n+2) (~). (21) 
+ V~,~ (x) + ,/. Po 

an+~ 
i = I  

T h e  o p e r a t o r  H * [ a n ( r ) ,  1] n a t u r a l l y  inc ludes  the ini t ia l  unknown s y s t e m  of funct ions  

~ (rs~ . . . . .  ~s . . . . . .  here 0 ~< ~* ~ i .  (22)  

A s s u m e  now tha t  fo r  ~* = 0 the s y s t e m  H*[an(T) ,  ~*] has  the obvious  so lu t ion  a~ ( r ) .  We s e e k  a so lu t ion  of 
the s y s t e m  

H* [a~ (x), ~*] = 0 (23) 

a s  a funct ion  an(T, ~*) of  the p a r a m e t e r  ~*. In d e t e r m i n i n g  the in i t ia l  a p p r o x i m a t i o n  i t  is  su f f i c i en t  to find 
an(T,  ~*) a p p r o x i m a t e l y  a s  a funct ion of ~*. By v i r t u e  of  the ana ly t i e i t y  of  the Cauchy  p r o b l e m  fo r  Eqs .  
(1) and (6), the d i f f e r en t i a l  o p e r a t o r ,  def ining the s y s t e m  of d i f fe ren t i a l  equat ions  H*[an(~" ), ~*], wil l  p o s -  
s e s s  adequa t e  s m o o t h n e s s ,  t h e r e f o r e  a n ( r ,  ~*), a s  a funct ion of the p a r a m e t e r  ~*, m u s t  s a t i s fy  the d i f f e r -  
ent ia l  equa t ion  

dH* [a, (x, ~*), ~*] da~, (~, Z*) dH* [a~ (x, ~*), ~*] = 0 (24) 
da n (% ~,*) d~,* + d~,* 

s u b j e c t  to the condi t ion  

an (x, 0) = ~ (x). (25) 

To  c o n s t r u c t  a n  a p p r o x i m a t e  so lu t ion  an(T,  ~*) a s  a funct ion of the p a r a m e t e r  ~*, we use  E u l e r ' s  b r o k e n  
* * 

l ine  me thod .  Subdividing the d o m a i n  of v a r i a t i o n  of ~* into m p a r t s  by the poin ts  ~0 = 0 < Z~ < . . . < ~m 
= 1, we  ob ta in  in i t ia l  a p p r o x i m a t i o n s  fo r  in i t ia t ing  the i t e r a t i ona l  p r o c e s s  

[dH* [a, (x, Li*)] }-i dH* [a~ (x, ~'i*); )~*] ~,) (26) 

Since the element an(T, ~*) is close to the exact solution of the system (20), and consequently also to 
that of the system (13)-(14), we choose it for the initial approximation, denoting it by wa,0(~-, ~;+l), after 
which the iterational process converges rapidly. Further, from the system (20) we form a sequence of 
linear systems. We seek an approximate solution [6] for each system of this sequence. The approximate 
solutions of each linear system will determine successive approximations an, k(~-, ~;+I), which will tend 
to the exac t  so lu t ion  a n ( r ) .  Apply ing  Sa ide l ' s  m e t h o d  to so lve  each  l i nea r  s y s t e m ,  we  obta in  the d e s i r e d  
i t e r a t i ona l  p r o c e s s  f r o m  the s equence  of l i n e a r  s y s t e m s :  

n 

d aoD,,,k('r ) -  iai ,k( 'r)~i,k(x)--(n+ 1) an+i.k(x)v~(x) a~.k+l (x)=A* a~.k (x); da,~ (x) 
i = l  

+ ~ ,  w~l},~ (~) + F~.3},k (x) - 7o (n+ 1) (n+2) an+2;~ (z)]; 
9o 

i = l  
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rz 

' da,~ ('0 L z . . ~  

+ w~d,k (t) g- ' i , i , k - - - -  (n -F1) (n -F2)an+~ ,~ ( z )  --~oD~,k(t) (27) 
Po 

~=I 

+ iai k (t)/%,k (t) + (n 4- 1) an+l,k (t) v h (t) - -  ~-~ w1(1) v(3) -' ~,i,k ('0 ( t ) *  .% , , - -  "i,i,k , - -  (ng-1)(n~-2) a.+z,k(t) . 
Po 

i ~ l  i ~ l  

In p roceed ing ,  we denote  the e x p r e s s i o n  appea r ing  within the b r a c e s  by b*(7) .  

Based  on the s m o o t h n e s s  of  the funct ions def ining the s y s t e m ,  the p r o c e s s  (27) c o n v e r g e s  m o r e  r a p i d -  
ly  titan a g e o m e t r i c  p r o c e s s .  M o r e o v e r  i t  is  obvious  tha t  for  the d e s i r e d  i t e ra t iona i  p r o c e s s  

[lan,k+, (t) - -  a n (t)[J . ~  (q -]- 8~)li an,k (~) - -  an (t)l]. (28) 

Tak ing  r e l a t ions  (27) and (28) into accoun t ,  we  obtain  f inal ly [6] 

l!a2.k+,' (t) - -  a~ (~)(/~ i --q q []a~.k (v) - -  a,, (t)[! 4- 1 I _ lia,.k+~ (t)  - -  a~ (z)ii. (29) 
q 

H e r e  a~( r )  a r e  the exac t  so lu t ions  of  the c o r r e s p o n d i n g  l i nea r i zed  s y s t e m s .  As is evident  f rom the c o n d i -  
t ions p laced  on u0(x ) and the coef f ic ien t s  of Eqs.  (1) and (6), the o p e r a t o r  A*,  which d e s c r i b e s  the i t e r a t i o n -  
al  p r o c e s s  (27), has  an  adequa te ly  smoo th  de r iva t ive  a t  the point  an(7).  This  enables  us to wr i t e  down for  
the s y s t e m  (20) f o r m u l a s  for  speed ing  up the c o n v e r g e n c e  ana logous  to L. A. L y u s t e r n i k ' s  f o r m u l a s  for  
l i nea r  s y s t e m s .  N a m e l y ,  if  we  c o n s i d e r  

[a,,,~ ( ~ ) -  ~ k - ,  (~); ~ ( ~ ) -  ~..~-, (~)] 
~ (+) ~ ~".~ (~) - [~,~+~ ( ~ ) - 2 ~ , ~  (~)+a~,~_ ,  (~); ~.~ (~)-a~.~_, (~)] [~.~+' (~) - ~,~ (~)] ' (30) 

we obtain ,  with r e f e r e n c e  to the i t e ran t s  an,  k- I  (+'); an,  k(+'), and an, k + 1 (T), a m o r e  a c c u r a t e  va lue  of  a n ( r )  

than a n , k + l  (T). 

The question of the stability of the solution of the Cauchy problem for Eq. (I) for the function ~ (u) and 
for @2 = 0 was studied in [3, 4]. For the case @I = 0, this problem was the subject of many investigations, 
in particular [3, 7]. For the case when ~i ~ 0 and ~2 ~ 0, simultaneously, the stabilization is equivalent 
to the existence of a function w*(x) for which the following conditions are satisfied: 

lu (x, t) - -  w* (xn)[ < e, as only Ix--  x,~ I < 5, (31) 

w h e r e  6 is  independent  of x n in each  finite domain  of  the space  En. To show this ,  we  d i f fe ren t i a te  Eqs.  (1) 
and (6) s u c c e s s i v e l y  with r e s p e c t  to x,  taking r e l a t i on  (7) into account ,  and thus obtain  the inequal i ty  (31). 

F r o m  the s t a t e m e n t  above ,  u(x, T) is def ined for  ~- E [0, T].  A unique solut ion at(x,  T) m a y  be  d e r i v e d  
which is def ined for  T E [0, T + A*], A* and is such that  u(x, T) - at(x,  T) f o r  ~- E [0, T].  Then  ul(x, T) is an 
ex tens ion  of  the so lu t ion  u(x,  T) to the point  T + A*. In o r d e r  for  the d e s i r e d  solut ion to be cont inuable  in 
the na tu ra l  n o r m  i t  is  n e c e s s a r y  that  fo r  i ts  d e r i v a t i v e s  of o r d e r s  p + 1 . . . . .  q on the fir~ite in te rva l  [0, T] ,  
a fine cons tan t  R(T) can  be found so that  for  the de r iva t ives  of the solut ion the fol lowing condi t ion is s a t i s -  

f ied [5] 

[ 0~u (x, t) .~ R (T), -[- 1 ~ lr[ -~ (32) P q. 
c) x r 

Tak ing  into acco tmt  the s m o o t h e n e s s  in ou r  p rob l em and s u c c e s s i v e l y  app ly ing  the condi t ion (32), we  can  
extend u(x, T) onto an  a r b i t r a r i l y  p r e a s s i g n e d  in te rva l .  

We now c o n s i d e r  the c a s e  o f  a d o m a i n  w h e r e  the point  x 0 changes  i ts  pos i t ion  as  the t ime  v a r i e s  [8, 
9]. In this c a s e  the s e r i e s  (8) a s s u m e s  the fo rm 

(33) 
r~D  

We speak  of  the s e r i e s  (33) as  an  " ins tan taneous"  s e r i e s  s ince  it b e c o m e s  the s e r i e s  (8) if, beginning with 
s o m e  ins tant  ~'i, the mo t ion  of  the po in t  x 0 is t e rmina ted .  Then  when the condi t ions  (7) and (9)-(10) a r e  
imposed ,  the r igh t  s ide  of  the s y s t e m  (17) s tays  the s a m e  while the left  s ide  a s s u m e s  the f o r m  [9] 
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~zoD* ('0 = % t D,~ ( i : ) -  (n + 1)a~+ 1 ('~) dx~ ] . .  (34) 

In view of the fact that X0(T ) is an a r b i t r a r y  smooth function (except for X0(T ) = 7-1), the point x 0 may change 
its posi t ion in an a r b i t r a r y  way. In a given case  the inequality (31) shows that at  each point at a dis tance of 
Xi(T ) f rom the plane,  a definite value of the t empera tu re  is established in the course  of time. 

In this paper  in ca r ry ing  out the catculational a lgori thms we used the following numerica l  c h a r a c t e r -  
is t ics :  T(u) = T0U m, i .e . ,  in the form of a rapidly changing function of tempera ture :  b 0 = 16; b 1 = 0; t h = 3 /2 ;  
b 3 = - 2 / 3 ;  b 3 = 0.25. 
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